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We consider special quantum systems containing both distinguishable and identical con- 
stituents. It is shown that for these systems the Freudenthal construction based on cu- 
bic Jordan algebras naturally defines entanglement measures invariant under the group of 
stochastic local operations and classical communication (SLOCC). For this type of multipar- 
tite entanglement the SLOCC classes can be explicitly given. These results enable further 
explicit constructions of multiqubit entanglement measures for distinguishable constituents 
by embedding them into identical fermionic ones. We also prove that the Pliicker relations 
for the embedding system provide a sufficient and necessary condition for the separability of 
the embedded one. We argue that this embedding procedure can be regarded as a convenient 
Oh| representation for quantum systems of particles which are really indistinguishable but for 

some reason they are not in the same state of some inner degree of freedom. 
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■ 1 Introduction 

(N 

It has become by now a common wisdom that quantum entanglement can succesfully be 
regarded as a resource for performing different tasks connected with the processing of quan- 
tum information. However, in order to fully exploit further exciting possibilities still hidden 
in this resource it has to be carefully quantified and its different types classified. The desire 
to achieve this goal has initiated a detailed mathematical study on the construction and 
structure of entanglement measures with particular physical relevance. Such measures (or 
witnesses) are real- valued functions on pure or mixed entangled states capable of grasping a 
particular aspect of quantum entanglement of the physical system such states represent. For 
a subclass of entanglement measures the basic property is their invariance under a particular 
group of transformations representing admissible local operations on the entangled subsys- 
tems of the physical system. Two important class of such transformations are the group 
of local unitary transformations (LU) and the so called SLOCC group[T] corresponding to 
stochastic local operations and classical communication. For the LU and SLOCC classifica- 
tion of systems of distinguishable constituents characterized by either pure or mixed states 
a great variety of results is available [3l H] . 

However, much less is known about the structure of multipartite entanglement measures 
and the corresponding entanglement classes for systems with indistinguishable constituents. 
For bipartite fermionic and bosonic systems a number of useful results exists [51 [HI El [HI EH 
[9j [TTJ [12] related to the existence of a variant of the conventional Schmidt decomposition. 
For the classification of multipartite entanglement of fermionic and bosonic sytems Eckert 
et.al.[5] provided an analysis with some hints on how useful entanglement measures should be 
constructed. As a next step in our recent paper we have shown that for tripartite fermionic 
systems with six single particle states a genuine measure of tripartite entanglement exists 
and the corresponding SLOCC classification can be fully given [13] . The striking feature 
of this classification is its similarity with the corresponding one found for three-qubitspQ. 
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We have shown that this correspondence between a tripartite system with identical and a 
tripartite one with indistinguishable constituents has its roots in their common underlying 
mathematical structure related to Freudenthal systems based on cubic Jordan algebras [TH 

Hang. 

Freudenthal triple systems have already made their debut to physics within the realm 
of string theory and supergravity. Such systems can be used as a representation of the 
charge vector space occurring when studying certain black hole solutions in N = 8, d = 4 
supergravity [17 [ ITS ! fT9 l 120] , [2Tj. Recently striking multiple relations have been established 
between the physics of such stringy black hole solutions and quantum information theory [22| 
[231 HH Ull 123 ESI [Ml EO] - Though this "black hole analogy" still begs for a physical 
basis, the underlying correspondences have repeatedly proved to be useful for obtaining 
new insights into one of these fields by exploiting the methods established within the other. 
Since Freudenthal triples have already turned out to be important in the string theoretic 
context the idea is to use this algebraic structure also in quantum information |31[ [32]. A 
latest variation on this theme that appeared in the literature is a Freudenthal triple based 
reconsideration of three qubit entanglement [33] . Following this trend in this paper we extend 
the range of applications of Freudenthal systems also to include entangled systems containing 
both distinguishable and indistinguishable constituents. The basic idea of our investigation 
is the one of embedding one type of system into another one. Since Freudenthal systems 
are too special retaining merely the idea of embedding from them, in the second half of the 
paper we explore this principle in a more general context. 

The plan of the paper is as follows. In Section 2. we consider Freudenthal systems giving 
rise to combined systems containing bosonic and fcrmionic constituents. After reconsidering 
the case of three fermions with six single particle states, we discuss the systems containing 
one distinguished qubit and two bosonic qubits, three bosonic qubits, and a one with one 
qubit and two fermions with four single particle states. Then we give the representatives 
of SLOCC equivalence classes. As a generalization in Section 3. we discuss systems with 
distinguishable constituents that can be embedded into fermionic ones. We investigate 
issues of separability, and their relation to the Plucker relations well-known from multilinear 
algebra. Then we concentrate on a phenomenon called the splitting of SLOCC classes a 
method which might prove to be a useful tool in providing entanglement classification in 
more complicated systems. As a next step we introduce a family of SLOCC-invariants for 
fermionic systems. We conclude with an explicit calculation of reduced density matrices for 
our embedded systems. A possible physical interpretation of our embedding procedure is 
briefly mentioned. 

2 Freudenthal systems 

In our recent paper [13] we have shown that a genuine tripartite entanglement measure 
for three fermions with six single particle states can be constructed using Freudenthal's 
construction applied to the cubic Jordan algebra of J3 = M^C). As a starting point in this 
section we recap our results. 

The Jordan algebra in question is the linear space of 3 x 3 complex matrices equipped 
with the Jordan product x • y = \{xy + yx). On this Jordan algebra we have the cubic 
norm form N(A) = Act A, the sharp map A h-> A" satisfying AA^ = A^A = N(A)I 3 for 
all A € J 3 and the trace bilinear form (A,B) 1— *■ Tr(AB). (For a brief summary of the 
relevant material on such structures see the Appendix.) It can be shown that the group of 
transformations of the Freudenthal triple system 9Jt = C C J3 J3 preserving its quartic 
form is precisely SL(6, C) and the representation of this group on Wl is isomorphic to /\ 3 Vq 
where V n denotes the standard representation of SL(n,C) on the vector space of n-tuples 
of complex numbers. This group is a subgroup of the SLOCC (stochastic local operations 
and classical communication 1 ) group i.e. GL(6, C) acting for three fermions with six single 
particle states. 

An isomorphism clarifying such issues can be explicitely given as follows. Let {ei, e2, 
ej = e 4 ,e2 = e 5 ,e 3 = e$} be an orthonormal basis of C 6 , and let x A y A z denote the 
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normalized wedge product of the vectors x,y, z € 



1 , 

x A y A z = —= (x®y®z + y®z®x + z®x®y 
V6 

— x® z®y— z ® y ® x — y ® x ® z) 
Using these notations a three-fermion state may be written as 



^ Pab c e a A e b A e c 



l<a<b<c<3 

with the 20 independent coefficients satisfying the condition 



E 



\PabcV = I 



(1) 

(2) 
(3) 



l<a<b<c<3 



meaning that the norm of the state is f . The corresponding element of 9JI is x = (a, (3, A, B) 
where 



123 



j 8 = P ] 



12:! 



"123 "131 -Pi 12 
"223 "231 "212 
P323 -P331 "312 



B = 



P\23 Pl3l P\12 
"223 ^231 ^212 
-^323 P33I P312 



Then the quartic polynomial preserved by the action of SL(6,C) is 
T = 4([Tr(AB) - a/3] 2 - 4 Tr^B 1 *) + 4a det A + 4/3 det £) 



(4) 



(5) 



and the tripartite entanglement measure is T123 = \T\. Since under the action of G£(6,C) 
this quantity takes up a nonzero factor, one immediately concludes that there must be at 
least two SLOCC equivalence classes of three-fermion states. In fact, by introducing the dual 
state and utilizing Plucker's relations one can complete the classification and it turns out 
that we have four SLOCC orbits: the separable one, the biseparable one, and two different 
types of true tripartite entanglement [IB] . 

2.1 Three qubits 

This classification resembles the one of the three-qubit systemp] [31], where the well-known 
representatives of the inequivalent classes with tripartite entanglement are the W and GHZ 
states. One may suspect that there is a connection between the two, and this indeed is the 
case. By looking at special three-fermion states one may observe that the space of three- 
qubit states 0i =1 C 2 can be injected into our three-fermion one in such a way that the 
three-tangle [M] defined by Cayley's hyperdeterminant can be viewed as a special case of the 
quartic above. 

To this end we keep only the amplitudes with three different numbers in the subscript 
forgetting the overbars for a moment. We have 8 such coefficients which is the number of 
coefficients needed to describe a three-qubit state. The natural way to do this is to choose an 
orthonormal basis {/o, /1} G C 2 and take three- fold tensor products of them (computational 
basis). Now let us map an element fi (8 fj (8 ft of this basis to ei+3i A e2+3j A 63+3^ e /\ C 6 
i.e. the overbar indicates 1 and the lack of it indicates on the place indexed by the number 
in the subscript. To a three-qubit state 



E 

i,j,fce{o,i} 



Clijkfi O fj O fk 



(0) 



we associate this way an element x — (a, (3, A, B) of Tl where 



— aooo /3 — a 



111 



A = 



0011 
aioi 
ono 



B = 



a wo 
a io 
a 00 i 



(7) 
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For this element 7i23 equals the three-tangle of a (using decimal notation): 



T = 4((a a 7 ) 2 + (aia 6 ) 2 + (a 2 a 5 ) 2 + (a 3 a 4 ) 2 ) 
— 8(ao<27aia6 + 0,00,7(12(15 + 00070304 
+ Oia 6 a2a5 + 01060304 + 02050304) 
+16(00030506 + 07040201) 



(8) 



In this way the three-qubit system can be embedded in the three-fermion one. 

An other way to look at the similarity between the two systems is obtained by observing 
that starting with the cubic Jordan algebra Ji+i+i = CffiC©C the Freudenthal construction 
leads to the V2 © V 2 ® V2 representation of the group SL(2, C) 3 , and the quartic polynomial 
preserved by the action of the group is Cayley's hyperdetcrminant. In the appendix it is 
shown that J1+1+1 is isomorphic to the subalgebra of J3 of diagonal matrices. 

For an element x — {x\,X2,x 3 ) £ J1+1+1 we have a cubic norm N(x) — X1X2X3, the 
sharp map assigning x" = (X2X3, x\X%, X1X2) to x and on J we have a bilinear form whose 
value is (x, y) = X\y\ + x 2 y 2 + x 3 y 3 for y = (yi, y 2 , y 3 )- 

We see that the injection of the space of three-qubit states into the space of three- 
fermion states can be done at the Jordan algebra level. Moreover the quartic invariant is 
based entirely on the cubic Jordan algebra structure in both cases. It is not surprising 
therefore that the three-tangle of a three-qubit state can be obtained also by first taking the 
associated special three-fermion state and then calculating the value of the quartic invariant 
on it. 

2.2 One distinguished qubit with two bosonic qubits 

According to the literature on Freudenthal triple systems [16] there are three more Jordan 
algebras for which the Freudenthal construction yields a representation that has a natural 
interpretation in quantum information theory. These are J\ — C, J1+1 = C © C and 
J1+2 = CffiM2(C). It is shown in the Appendix that these are all isomorphic to subalgebras 



The first two cases correspond to three bosonic qubits and a composite system consisting 
of one qubit and two other indistinguishable bosonic qubits. The Hilbcrt space of these 
systems can be naturally viewed as subspaces of the one describing three qubits so one 
might expect that these can be embedded into the latter much like the three-qubit system 
is embedded in the three-fermion one. The last one corresponds to a system containing a 
qubit and two indistinguishable fermionic particles with four single particle states. 

First take a look at J1+1. With the Freudenthal construction we obtain a representation 
of SX(2,C) 2 on C © C © J 1+1 © Ji+i that is isomorphic to V 2 © Sym 2 V 2 . This enables us 
to classify entangled states in the space of a distinguishable and two bosonic qubits. 

Let {eo, ei} be the computational basis of C 2 , and let /o = eo © eo, /1 = eo © e\ + e\ © eo 
and /a = e,\ ® e\. Now a normalized vector in C 2 © Sym 2 C 2 may be written as 



of J 3 . 



1 



2 




(9) 



i=a j=o 



where 



1 




(10) 



The corresponding three-fermion state is given by x 



(a, (3, A,B) eWl where 



a = b 0Q (3 = b 12 



A 



b 2 
6n 
611 



B 



ho 
601 
601 



(11) 
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(12) 



We are not aware of any application of the quartic invariant above within quantum informa- 
tion theory. However, it is interesting to note that our invariant appears within the realm 
of black hole solutions in string theory and quantum gravity. The model in question is the 
so called st 2 model [35j which can be regarded as a one coming from the stu-model[36l [37] 
after a t = u degeneracy. In this model the black hole entropy is expressed in terms of 6 
charges (3 magnetic and 3 electric) which can be mapped bijectively to the 6 amplitudes 
of our state b. This correspondence between an entanglement measure on one side and the 
black hole entropy formula for a particular black hole solution on the other forms the basis 
of the black hole analogy our guiding principle in constructing this measure. 

2.3 Three bosonic qubits 

Now let us turn to the Jordan algebra J\ = C in which the norm of an element is simply the 
cube of it, the sharp means taking the square, and the trace bilinear form of two elements 
x, y G Ji is 3xy. Again after some calculation one can show that J\ is a subalgebra of Ji+i 
the inclusion map being x <— > (x,x). The Freudenthal construction in this case leads to a 
four dimensional representation of SL(2, C) isomorphic to Sym 3 V2 which is related to the 
system of three indistinguishable bosonic qubits. 

A general normalized state in Sym 3 C 2 may be written as 

c = c e <8 e <X> e + c 3 ei (g) e\ ® e\ 



where |co| 2 + |c 3 | 2 +3(|ci| 2 + |c 2 | 2 ) = 1. To this we associate the element x = (c , c 3 , c 2 / 3 , ci/ 3 ) 
in dJl where /„ denotes the identity element of M„(C). For this state the quartic invariant 
is: 



Our entanglement measure for three bosonic qubits has appeared in the context of stringy 
black holes as the black hole entropy formula in the so called i 3 -model[35l [38]. For the 
interesting geometry of three bosonic qubits see the paper of Brody et.al. [391 . 

2.4 One qubit and two fermions with four single particle states 

The remaining Jordan algebra is J1+2 — C M2(C). Let x = (a,xo) and y = (/3, yo) 
be two elements of Ji+2- The cubic norm form is given by N(x) = adetxo, the sharp 
map is x* = (det Xq, a(Tr £0)^2 — olxo), and finally the trace bilinear map in this case is 
(x, y) 1— > a/3 + Tr(xoyo). Once again one can check that this Jordan algebra can naturally 
be viewed as a subalgebra of J 3 namely it is isomorphic to the subalgebra of block-diagonal 
matrices with a 1 x 1 and a 2 x 2 block in the diagonal. 

We know that the Freudenthal construction applied to J1+2 yields a representation of 
SL(2, C) x SL(4, C) isomorphic to V2 <8> A 2 ^4- Moreover it is known that the fermionic 
measure describing the bipartite entanglement of two fermions with four single particle 
states reduces to the two-qubit concurrence [HI [13] in the same way as the three-fermion 
measure reduces to the three-tangle, hence one may expect that in a sense this system fits 
between the three-fermion and the three-qubit one. This expectation is further supported 
by the fact that we have the embeddings J1+1+1 C J1+2 C J 3 . 

Let us see how this works explicitely. Let {eo,ei} and {fo, fx, fa, h} be the canonical 
basis of C 2 and C 4 respectively. A state d £ C 2 <g> /\ 2 C 4 may be written as 



+ci(ei <X> e e + e e\ <X> e + e <X> e <8> ei) 
+c 2 (e ® e\ (g) ei + e\ ® eo (8 e\ + e\ ® e\ (8 e ) 



(13) 



T = 4cl4 - Ylc\c\ - 24:C c 1 c 2 c 3 + 16(c c^ + c 3 c?) 



(14) 



1 




(15) 



i=0 0<j<fc<3 
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the amplitudes being antisymmetric in the second and third index. The condition of being 
normalized means that 

E E fei 2 = i as) 

i=0 0<j'<A:<3 

Now we relate the six-state labels to the two-state and four-state ones as (1, 1) i— > (0, 1) and 
(2, 3, 2, 3) i— > (0, 1, 2, 3) respectively, and keep only the 12 coefficients whose index contains 
precisely one of 1 and T. We associate to d the element x = (a, (3, A,B) 6 971 where 





do23 










d 10 i 





a = d 00 i (3 = di23 A = 





^103 


<^120 


B = 


d Q2 i 


^002 







dll3 


di2i 




d 3i 


<^003 



(17) 



For this state the value of the quartic tripartite entanglement measure is 

T = 4((d 023 d 101 ) 2 + (d 021 d W3 ) 2 + (<Wn 3 ) 2 
+ {d 3idi2o) 2 + {d Q3di2i) 2 + (d Q0 idi23) 2 ) 

+8(^002^021^103^113 + ^021(^031^103^120 

+ ^002^003^113^121 + ^003^031^120^121) 
+ 16(^003^021^113^120 + ^001^023^103^121 

+ ^002^031^103^121 + ^003^021^101^123) 

— 16(^001^023^113^120 + ^002^031^101^123) 

— 8(do2lrfo23rfl01^103 + ^002^023^101^113 + ^023^031^101^120 
+ ^002^031^113^120 + ^003^023^101^121 + ^003^021^103^121 
+ ^001^023^101^123 + ^001^021^103^123 + ^001^002^113^123 

+ ^001^031^120^123 + (^001^003^121^123) (18) 

2.5 Representatives of SLOCC equivalence classes 

To sum up, we have the chain of embeddings of Jordan algebras J\ C Ji+i C J1+1+1 C 
C J3 that gives rise via Freudenthal's construction to the chain of embeddings of 
Hilbert spaces Sym 3 C 2 C C 2 ® Sym 2 C 2 C C 2 <x> C 2 <g> C 2 C C 2 <g> A 2 C 4 C A 2 C 6 . The 
appropriate subspaces of 971 are shown in Table Q] along with their SLOCC group. These 
embeddings are compatible with the SLOCC classification of entanglement in the sense that 
SLOCC orbits of any of these systems are subsets of the intersections of SLOCC orbits of the 
three-fermion Hilbert space with the appropriate subspace. In order to find representatives 
of various entanglement classes it is therefore enough to look for them in the smallest possible 
subspace then interpret it as elements of the larger Hilbert spaces. These representatives 



H 


G 


remark 


Ho = A 3 C 6 

c 2 ® A 2 c 4 

C 2 ® C 2 ® C 2 
C 2 ® Sym 2 C 2 
Sym 3 C 2 


Go = GL(6,C) 
GL(2,C) x GL(4,C) 
GL(2,C) 3 
GL(2,C) 2 
GL(2,C) 


A, Be Mi(C)©M 2 (C) 
A, B diagonal 

A,BGMi(C)ffiC./ a 
A, B G C • I 3 



Table 1: Subspaces of 971 associated to Hilbert spaces Ji C Ho describing various quantum 
mechanical systems with SLOCC group G C Go- 
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can be chosen to be the following ones: 



GHZ = -^=(1, 1,0,0) 
W = i=(0,0,0,/ 3 ) 



B x = 



Bo 



1 



vi (1 ' ' 



B 3 

S = (1,0,0,0) 



1 







1 







1 



,0) 
,0) 
,0) 



(19) 
(20) 

(21) 

(22) 

(23) 
(24) 



The GHZ and W states show tripartite entanglement, Bi is a biseparable and S is a sep- 
arable state. Apart from Bi these can be found in the system of three bosonic qubits, 
but the relations characterizing states of rank at most two imply separability in this case. 
Therefore the representative of the biseparable class is chosen from the larger Hilbert space 
C 2 ® Sym 2 C 2 . Of the biseparable subclasses only B\ is present in the latter, all can be 
found in the three-qubit case, £? 2 and B$ are equivalent in C 2 ® /\ 2 C 4 , and all three are 
equivalent in the largest Hilbert-space f\ C 6 . Table [2] shows these states for each system. 



space (H) 


representatives 


A 3 c 6 


GHZ = ^=(ei A e 2 A e 3 + e 4 A e 5 A e 6 ) 
W = ^= (e 4 A e 2 A e 3 + ei A e 5 A e 3 + d A e 2 A e 6 ) 
Si = ^(e x A e 2 A e 3 + e x A e 5 A e 6 ) 
5 = ei A e 2 A e 3 


c 2 <g> A 2 c 4 


GffZ = ^(e ® (/ A /i) + ei <g> (/ 2 A / 3 )) 

w = 73 (e ° (/2 A /s) + 61 ® (/o A /3) + ei (/2 A 
Si = ^=e (8 (/o A/ii/jA / 3 ) 

S 2 = ^(e <8> (/o A /i) + ei ® (/o A / 3 )) 

5 = eo®(/oA/i) 


c 2 ® c 2 <g> c 2 


Gi/Z = (eo ® e <g e + ei e\ ® ei) 
W = ^(ei ® e ® e + e <8 ei <g> e + e ® e <g ei) 
Bi = -^(e O (e <g e + ei <g e t )) 
B 2 = ^7f (eo <S> e e + e\ ® e (g) ei) 
#3 = 7f (( e o ®eo + ei® e x ) <g> e ) 
5 = e ® e <g> e 


C 2 ® Sym 2 C 2 


GiJZ = ^(e ® (e <8 e ) + ei <g> (ei <g d)) 
W = ^( e i ® (eo (8 e ) + e (8 (ei «e + e ® ei)) 
Bi = -^=(e <8 (e <g e + e x <g d)) 
<S = e <g (eo <g e ) 


Sym 3 C 2 


Gi?Z = ^j(e ® e (g e + ei (g ei (g ei) 
W = 77j(ei (g e (g e + e <8> e\ <8> e + e (g e (g ei) 
S = eo ® eo <8> eo 



Table 2: Representatives of SLOCC orbits of quantum mechanical systems classified via 
Freudenthal's construction. 
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3 Embedding systems with distinguishable constituents 
into fermionic ones 



Looking at these results one might ask what parts of this process can be generalized. Since 
the systems considered above are the only ones which are related to Freudenthal triples we 
can not extend these results for more general quantum systems. On the other hand the 
phenomenon that the Hilbcrt space of a smaller system is embedded in the space of a larger 
one appears in more general cases. 

To be more specific, suppose that we have the invariants h, . . . ,I n under the SLOCC 
group G represented on a Hilbert space TL. It may happen that there exists a subgroup 
G'cG that can be viewed as a SLOCC group of a quantum mechanical system to which 
we can associate a subspace TL' C TL of our original Hilbert space in such a way that TL' 
is invariant under the action of G' . Obviously the invariants I\, . . . , I n restricted to TL' are 
invariant under the subgroup G' of SLOCC transformations of the smaller system. This 
means that if we have two states in TL' that are G-inequivalent, then they will necessarily 
be G'-inequivalcnt. However, it may also happen that two G-cquivalcnt states cannot be 
transformed to each other by the smaller SLOCC group G', in other words, the intersection 
of a SLOCC orbit in TL with TL' regarded as a set in TL' may split to several disjoint orbits 
under the smaller SLOCC group G' . In this case further refinement is needed to obtain full 
classification of the entangled states in TL' . 

3.1 Separability in arbitrary systems 

As an example suppose that we have N types of fermionic particles, h of the i th type 
having m single particle states. To this composite system we associate the Hilbert space 
TL = f\ kl TL^®-- -® A*"™ where dimWf ] = m and the SLOCC group G = GL(m,C) x 
• • • x GL{n N ,C). This space can be embedded in K, = /\ fcl +-+ fe « (n { " } • • ■ Tiff) via the 
linear map (p : TL — ► JC defined by 

ip : (V! A . .. Av kl ) ® Ki+i A ... A v kl+k2 ) <g> ■ ■ ■ <g> (v kl+ ... +kN _ 1+1 A ... A v kl+ ... +kN ) 



on tensor products of decomposable vectors and its SLOCC group H = GL(m + ■ ■ - + riN 7 C) 
contains G in an obvious way. Before continuing we need some preliminary linear algebraic 
facts stated in what follows. 

Lemma. Let TL A ~ C" A andTL B ~ C" B be two Hilbert- spaces and TL = f\ kA+kB (TL A ®TL B ) 
for some kA,ks £ N. Suppose that v G TL \ {0} is decomposable and v € spanja^ A ... A 
a u- A ^ b i kA +i A --- A6 ifej4+fcB |l < h,.-.,i kA <n A ,l<i kA+1 ,...,i kA+kB <n B } = TL where 
{ a i}"=i an d ar e orthonormal bases in TLa and TLb respectively. Then v can also be 

written in the form vf A . . . A v£ A A vf A . . . A v^ B where {vf}^ C TLa and {vf}^ C TLb- 

Proof. Let k = Ica + k B and v = Vi A i>2 A . . . A v k be a decomposition of v. Each Vi can be 
uniquely written in the form Vi = Ai + Bi where Ai e TLa and Bi <G TL B . Now take a look 
at the terms in the expanded form of v = [A\ +B\) A. . . A (A k +B k ). A simple observarion 
is that two wedge products of elements of TLa and TL B are orthogonal with respect to the 
induced inner product if the number of factors from TLa (or TL B ) differ in the two products. 
This means that in v the term B\ A . . . AB k is orthogonal to all the other terms. But since it 
is orthogonal to TLo too it must be which is equivalent to stating that the vectors (Bi) k =1 
are linearly dependent. After some rearranging (and possibly including a minus sign) we can 
assume that B x can be expressed in the form X 2 B 2 + • • • + A fe S fe . Now using multilinearity 
and that wedge product of linearly dependent vectors is the null vector we can write 



vi A v 2 A . . . A 



v kl +-+k N (25) 




(26) 
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for some A\ E Ha- Similar reasoning with the term A\ A B 2 A . . . A B k shows that we 
can assume that B2 can be written as a linear combination of S3, ... , Bk and so on finally 
arriving at the form v = A[ A . . . A A' kA A (Ak A +i + Bk A +i) A ... A (A k + Bk). The number 
of B-s can not be further reduced since the term containing ks factors from Hb is not 
orthogonal to Ho- 

After expanding we see that A[ A ... A A' kA A Ak A +i A . . . A Ak is orthogonal to the 
other addends and to Ho therefore the factors are linearly dependent. By rearranging we 
can identify two cases: either A\ or Ak A +i can be expressed as a linear combination of 
the remaining factors. In the first case A' x can not be an element of span{A' 2 , . . . ,A' kA } 
since v 7^ and therefore we can find an element in {Ai}f =kA+1 whose coefficient in the 
linear expansion is nonzero leading us to the latter case. We can assume that Ak A +\ — 
Yli=i faAi + Mi^i an( i using this expansion one can write 

v = A[ A . . . A A' kA A (A kA +i + B kA +i) A ... A (Ak + B k ) 

/ k A k \ 

= A^A.-.AA'^A {A kA+1 + B kA+1 -J2^ A 'i- Yl f^Mi+ B i) A 

\ i=l i=k A +2 / 

A (A kA+2 + B kA+2 ) A ... A (A k + B k ) 
= A[ A ... A A' kA A B' kA+1 A (A kA+2 + B kA+2 ) A ... A (A k + B k ) (27) 

for some B' k +1 e Hb- Proceeding the same way we finally arrive at the form v = A' x A. . . A 
A 'k A A B k A +i A ••• A B' k □ 

Theorem. Let N G N, {ki)f =1 and (rii)fL 1 be N -tuples of positive integers, H\ ^ a Hilbert- 
space of dimension m, Hi — f\ kz H^ (for all i G {1, . . . ,N}), JC^ = and 
K, = /\ K.^ where k = Let p : Hi ® • ■ • <8> Hn —> 1C be the linear map defined by 

(ei th A. . -Aeij ki )®-- -<S>(e Ntjk _ kN+1 A. . .Ae N ,j k ) i-> e llh A. . .Ae lljki A. . -Ae N j k _ kN+1 A...A 

e N,j k f or some orthonormal bases {ei,j}j=i C H^ . Then a vector v in Hi ® •• • ® Hn = H 
is a tensor product of decomposable vectors in Hi iff p(v) S JC is decomposable. 

Proof. Since both sides of the equation defining p is linear in all eij,-s, the image of v = 
(v h3l A ... A vi, jki ) ® • • • <g) (v N ,j k _ kN+1 A ... A v N ,j k ) is v hjl A ... A v h3ki A ... A v N . Jk _ kN+1 A 
. . . A VNj k which is a decomposable element of JC. 

For the converse observe that by introducing the Hilbert-spaces IC^ = H^ © • • • © H^ 
and Ki = /\ kl+ "' +k ' K.[°\ for the linear injections pi : JCi <£> Hi+i — > K,i + i\(xi A ... A 
x kl+ ... +kt ) ® (yi A ... A y kl+l ) h-> x\ A ... A x kl+ ... +ki A yi A ... A y ki+1 we have ip = p N -i ° 
{pn-2 <8> idn N ) • • • (vi ® *^H 3 ® . . . ® idn N ). Now take a vector w in rant/? C /C that is 
decomposable. Using the lemma above with 7Y^' = IC^_ 1 , Hg = Hn, kA — k — fcjv and 
fcs = few we see that v = x\ A . . . A x k ^ kN A yi A ... A y kN for some {xj} k Z kN C K. N ^_ 1 anc ^ 

C H$. This means that p^CV) = (xi A ... A a; fc _ fcjv ) <g> (yi A . . . A y fcjv ). The first 
factor is in ran(pjv_2 and hence we can apply the lemma to it, and so on, finally obtaining 
an TV- fold tensor product of decomposable elements in Hi. □ 

This theorem applied to our scenario means that a state ip in H is separable (tensor 
product of decomposable states) iff p(ip) € K, is separable (decomposable). 



3.2 Pliicker relations 

Since a state in K. is separable precisely when the Pliicker relations hold[40j [4TJ [13], we can 
conclude that the Pliicker relations provide a sufficient and necessary condition of separa- 
bility of an arbitrary system of finitely many particles. 

Recall that the Pliicker relations say that a k fermionic state with totally antisymmetric 
amplitudes Pj 1 j 2 ...j k is separable iff for any A — {ai, . . . , a k ^i} C / and B = {bi, . . . , b k+ {\ C 
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I the polynomial 



k+l 

U A ,B(P) = £("l) 3 '- 1 i'a 1 ...« Jk _ I 6 i A 1 ...6 J _ 1 6 i+1 ...6 fc+1 (28) 
3=1 

equals to zero. However, now our fermionic state is of special kind namely it is of the form 
fW = P hh-jk e h A e i3 A . . . A e jk (29) 

where J = {ji, . . .,j k } and I = \J i=1 l t = {1, . ..,n} with Zx = {1, . . . , ni}, I 2 = {"-l + 
1, . . . , ?ii + 712}, . . . , In = {n — 71 j\r + 1, . . . , 71} (n = X^iLi n « an< i { e i}je/j i s an orthonormal 
basis of Wf 5 ^). Hence we do not need to consider all relations since many of them arc 
identically zero due to the very special form of the vectors in raxiip. This means that 
Pj 1 j 2 ...j k = if there exists i £ {1, . . . , N} such that | Jfl Ii\ ^ ki. Using this property of the 
coefficients Pj 1 ...j k one can see that Ha,b(P) is identically zero unless 

(3je{l,...,fe+l})(Vi€{l,... ) JV})(|(^U{6 i })nJ i | = |(B\{6 i })nJi|=fe i ) (30) 

which is equivalent to 



(3j e {1, . . . , fc + 1})(V< e {l, . . . , JV})((6j i h) and (\A n h\ = \B n 7,1 = 

or ((6 3 - S Ii) and (|^H /»| + 1 = \BV\U\ ~ 1 = (31) 

When this holds for some j we have exactly \(B \ A) <~) Ii\ nonvanishing terms where i is the 
unique index for which bj £ Ii. 

As a special case take the system of N qubits described by the Hilbert space H = 
C 2 ® • • • ® C 2 . With the notations above this corresponds to fci = fcg = • • • = fezv = 1 and 
n.i = na = ■ • • = tin = 2 therefore we can embed 7i in /C = /\ C 2JV . It is not too hard to 
check that in this case the Pliicker relations tell us that an element 

1 

tp= Y ^i 1 ...me il <g> • • • (g) e iN (32) 

ii,...,2iv— 

is separable if and only if for all 1 < j < N and for all . . . , ij—i, ij+i, ■ ■ ■ , iNi hi, ■ ■ ■ , hj-i, 
h j+ i, . . . , h N ) € "L\ N ~ 2 we have 

'4 , i 1 ...ij- 1 0ij + i...i N ?Ph 1 ...hj- 1 lhj + 1 ...h N — ^Pi 1 ...ij- 1 lij + 1 ...i N ^Ph 1 ...hj- 1 0hj + 1 ...h N (33) 

which is indeed the separability condition for N qubits. Notice that for N — 2 (two qubits) 
we obtain the result of Gittings and Fischer [TT] of relating the concurrence to the fermionic 
measure of SchliemannJS] for a special two-fermion state with merely 4 nontrivial amplitudes. 



3.3 Entangled states 

This scheme of embedding an arbitrary system of finitely many particles has the property 
that separability in the larger space implies separability in the smaller one. Since separable 
states are SLOCC equivalent to each other we conclude that this special SLOCC equivalence 
class does not split into subclasses when we restrict ourselves to the smaller space and its 
smaller SLOCC group. Note however that this by no means is the case with other SLOCC 
classes. For example look at the system of four qubits that can be embedded in K, = /\ 4 C 8 . 
Let {e2i-i,e2i} be the computational basis in the Hilbert space of the 7 th qubit. Then the 
states 

P = —j=ei e 3 ® (e 5 <8> e 7 + e 6 eg) (34) 
v 2 

Q = -7= (ex ® e 3 + e 2 ® e<i) <g> e 5 <g> e7 (35) 
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cannot be transformed into each other since P is J 4B(C£>)-separable but Q is (AB)CD- 
separable. But their images in K. are (for the definition of ip see Eq. (23)). 

ip(P) = -^=(ei A e 3 A e 5 A e 7 + ei A e 3 A e 6 A e 8 ) (36) 
v2 

<p(Q) = — =(ei A e 3 A e 5 A e 7 + e 2 A e 4 A e 5 A e 7 ) (37) 
v2 

which can be transformed to each other by applying the element X ® 7 <g> J e GL(8, C) 
therefore they are SLOCC-equivalent in /C. (Here X = <ti, i.e. the first Pauli matrix.) 

This example convices us that the phenomenon of splitting of SLOCC classes is not 
uncommon. In fact it does appear even in the three-qubit case where {AB)C- 1 (BC)A- 
and (CA)P-biseparable states are inequivalent but their images in the three-fermion system 
belong to the same class. However, this embedding is rather special because there is "no 
room" for this kind of splitting of multipartite entangled states and this may be a main 
reason of the similarity of the classification of entanglement in the two systems. 

Despite the fact that the entanglement measures in the embedding system may be much 
coarser than needed for full SLOCC classification of the smaller system, this method might 
prove to be a useful tool. If the splitting of SLOCC classes could be fully understood than 
it would be enough to identify the entanglement classes of /\ k C which might have a simpler 
structure than the Hilbert space of a general system containing various types of particles. 

Let us now introduce a family of SLOCC-invariants for fermionic systems. Let K.^ = C dk 
and K, = /\ k K.^ where k € 2N and d € N. Given a state P € K, we can take the ci-fold wedge 
product of it which lives in f\ dk C dk . Hence it is invariant under the action of SL(dk,C), 
and picks up a factor corresponding to the determinant under the action of GL(dk, C). Let 
£(P) denote the absolute value of this vector: 

||P A PA... AP|| = £(P) (38) 

Let PiL.Ak denote the coefficients of P with respect to the induced basis: 

dk 

P= ^...u.e 4l Ae l2 A... Ae lfc (39) 

»i...»fc=i 

After expanding the product above we obtain 



dk 

P A P A . . . A P = Pi 1 ...i k Pi k+1 ...i 2k ■ ■ ■ Pi( d -i)k+i---idk e ii A e^ 2 A . . . A ei dk 

= ^2 cr ( 7r )P r (i)... 7 r(fe) • • ■ Pr(dfe-fe+i)...7r(dfe)ei A e 2 A . . . A e d k (40) 

where S n is the group of bijections form the set {1, . . . , n} to itself, and a : S n — » {1,-1} is 
the alternating representation of this group. From this one can see that 



C(P) 



^ cr ( 7r )P7r(l)...7r(fc)P 7 r(fc+l)...7r(2fe) • • • PTT(dk-k+l)...Tr(dk) 



(41) 



Since £((A <g> ■ ■ ■ <g> A)P) = \ det A\£(P), it follows that if P' = (A <g> • • • <g> A)P then either 
both of \{P) and £(P') are or none of them. Moreover, if | det A\ = 1 then ^(P) = £(P'). 

Now for N e 2N and d e N we can embed the Hilbert space H = <C d ® • • • <g> C d of N 
qudits into JC, the image of 

d 

tp= ^2...*iv e *i ® • • ■ ® e lN (42) 

ii,...,»iv=l 

being 

d 

<p(l/))=P= ^ ^Piii 2 ---iN e il A Ed+i 2 A ... A £{N-l)d+i N (43) 
ii,...,ijv=l 
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Note that the definition of (p is slightly different from that of the map tp defined above, but 
the difference is only a relabelling of basis elements in H. For this state the value of is 



N 



E ( II ) ^ 1 (l)7r 2 (l)...7r w (l)V ; 7r 1 (2)7r 2 (2)...7r JV (2) ■ • ■ ^ (d)-n 2 (d)...-n N (d) 

7ri,...,7rweS(i \i=l / 

(44) 



With a slight abuse of notation £(V>) will denote £(<^(V>))- Note that for the special case of an 
even number of qubits i.e. d = 2 the squared magnitude of the measure of Eq. (42) is related 
to the one of Wong and Christensen[32]. For four qubits it is known that this measure boils 
down to the one denoted by the letter H in the paper of Luque and Thibon[43 . 
As an example take the following two globally entangled states in Ti: 



iJ = Td {ei 



7f (e2 ^ ei 



i ex + e 2 ® ■ ■ ■ ® e 2 + ■ ■ ■ + e d ® ■ ■ ■ ® a) 
) ■ ■ ■ ® e\ + e\ ® ei ® e\ ® ■ ■ ■ ® e\ + . . . + e\ 



Then we have 



(45) 

d <g> e 2 ) (46) 
(47) 



but £(0) = for N > 2 hence we can conclude that ip and 4> are not SLOCC equivalent. 



3.4 Reduced density matrices 

In many cases one can gain information about a fermionic system by looking at its single 
particle reduced density matrix. The mapping described above takes a pure state of an 
arbitrary system and maps it to a special fermionic one therefore the question naturally 
arises: how are the one particle reduced density matrices of the two states related to each 
other? 

Let Hi = A*' \ H = Hi ® • • • ® H N , = nf ] e • • • ffi HP and K = f\ k K<® 
as before (k = k\ + . . . + /cat), and let {e a } a ^i i be orthonormal bases in 1i!f^ respectively 

where dimH- ^ = \U\ — m (i S {1, . . . , N}), n := ni + h tin- The function tp : H — > 

K; (vi A . . . A Vk 1 ) ® ■ ■ ■ ® {vk~k N +i A . . . A Vk) i— > t>i A . . . A Vk maps a general state 

i'= E E "• E fe2... !t (e, 1 A...Ae, ti )®...®(e lt _ tN+1 A...Ae ! J (48) 
jfcj e/i i fcl+fc2 e/ 2 ...A k ei N 

to 

^(V»)=P= 51 E E fe.-./.iA-.Ae,, (49) 

ii,..., ifcj + i,..., ifc_ fcjv + i, 
ik 1 i kl+k2 eh ...,i k £l N 

Let p denote the one particle density matrix of the state P and pi (i € {1, . . . , N}): 

P = Tr 2 , 3 ,...,fe PP* = (*4:«>) <8> Tr ® • • • ® Tr)PP* e Mat(n, C) 
Pi = Tr 2 ,3,...,fe^* = (id (o) ®Tr ® ■ ■ ■ ® Tr)^* e Mat(m,C) 



Pat = Tri^,...,fc-fc N ,fc-fc JV +2,...,fc^* € Mat(n N ,C) (50) 
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Using identities like 



Tl2,3,...A( e ii A 



Tr 2 ,3,...,k{ e ii A...AeiJ(et A 





[K A 
Tr 2 ,3,...,k[(e il A 

[«i A 



A<)] 
Ae 4 J] 




+ --- + e 4fci e* fci ) 




(51) 



we can see that 



N , 

i=l 



(52) 



Since both sides are linear in the density matrices of the whole systems, this holds for mixed 
states too. An alternative normalization is given by 7 = kp and 7$ = kiPi, the relation 
for these is 7 = 7i (i G {1, . . . , iV}). Observe that the two states are unentanglcd 

iff 7? = 7i (i e {1, . . . , N}) and 7 2 = 7 respectively, yielding an alternative proof of our 
theorem. 

3.5 Physical interpretation 

So far we have regarded this relation of systems of distinguishable particles and fermionic 
ones as a purely mathematical one. However, we can interpret it as a physical property of 
the particles pretending they are really indistinguishable but for some reason they arc not 
in the same state of some inner degree of freedom (analogous to isospin) and these inner 
states are not mixed by the Hamiltonian. 

As the simplest example suppose we have two distinguishable qubits so each particle has 
two states, call them eo,ei and e'§,e\. We can combine the four states of the two particles 
into a single Hilbcrt space having dimension 4. If the Hamiltonian governing the evolution 
of a state in this space has vanishing matrix elements between basis states with and without 
a prime then the subspaces spanned by {eo, ei} and {e' , e\} are not mixed and therefore we 
can associate an inner quantum number to the states. A state which is a linear combination 
of eo and e\ can be called a particle of type one and a state in the span of {e^e^} can 
be called a particle of type two. If we take two fermionic particles having these four single 
particle states and one of them is of type one and the other is of type two then they will 
behave exactly as if they were distinguishable qubits. 

4 Conclusions 

In this paper we have studied quantum systems containing both distinguishable and identical 
constituents. A special subclass of such systems can be studied using the algebraic constructs 
called Freudenthal systems. The corresponding physical systems of this subclass arc the 
tripartite ones that can be embedded to a system consisting of three fermions with six single 
particle states. Such embedded systems are the ones consisting of a qubit and a bipartite 
fermionic system with four single particle states, three ordinary qubits, three bosonic qubits, 
and two bosonic qubits coupled to an ordinary qubit. For these systems we presented a 
complete classification of SLOCC orbits, based on the quartic SLOCC invariant arising from 
the corresponding one of the associated Freudenthal system. Though the full appreciation of 
these invariants within the field of quantum information is still missing, we have pointed out 
that they arise quite naturally as entropy formulas for black hole solutions in supergravity 
theories. 
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As a next step retaining merely the idea of embedding one type of system to the other we 
studied issues of separability for systems embedded into fermionic ones. We proved that the 
Pliickcr relation for these embedding fermionic systems play an universal role in checking the 
separability of the embedded ones. We briefly elaborated also on the interesting problem of 
splitting of SLOCC classes when comparing the entanglement properties of the embedding 
and embedded systems. Such considerations enabled a construction of a class of pure state 
entanglement measures containing some well-known ones as a limiting case. Since in many 
cases we can gain information about a fermionic system by looking at its single particle 
reduced density matrices, a natural question to be addressed is the one: how these density 
matrices for the embedding and embedded systems are related? We have answered this 
question by presenting an explicit formula. And at last we proposed a possible physical 
interpretation of our embedding of one type of system to the other. The conclusion is that 
we can regard our embedding trick as a convenient representation for a quantum system 
with particles which are really indistinguishable but for some reason they are not in the 
same state of some inner degree of freedom. 



5 Appendix: Cubic Jordan algebras and Freudenthal 
triples 

Definition. An algebra (not necessarily associative) (J, +,•) is called a Jordan algebra if 
it is commutative and for any two elements A,B G J the equation (A • A) • (A • B) = 
A • {(A • A) • B) holds. 

A Jordan algebra is cubic if every element satisfies a cubic polynomial equation. 

The Springer construction of cubic Jordan algebras tells us that one can obtain a cubic 
Jordan algebra starting with a vector space V equipped with a suitable cubic form N : V — > 
C and a basepoint c <EV such that N(c) = 1. One can then define various maps using the 
linearization 

N(x,y,z) = ^(N(x + y + z)-N(x + y)-N(x + z)-N(y + z) + N(x) + N(y) + N(z)) (53) 

of N, including the Jordan product, but for our purposes only the following two are needed: 

(-, •) : V x V -» C ; (x, y) = 9N(c, c, x)N(c, c, y) - 6N(x, y, c) (54) 
• J : V -> V ; Vy e J : (x J ,y) = 3N(x,x,y) (55) 

The former is called the trace bilinear form, while the latter is the adjoint or sharp map. 

From a Jordan algebra J over C one can obtain the Freudenthal triple system ffft(J) = 
CffiCffi Jffi J which is equipped with a skew-symmetric bilinear form and a quartic form 
defined by: 

{x,y} = a5-fa+(A,D)-(B,C) (56) 
q(x) = 2((A, B) - a/3) 2 - 8(A tt , B s ) + 8aN{A) + 8f3N(B) (57) 

where x = (a, f3, A, B) and y = (7, S, C\ D) are two elements of 3Jl( J). One can also define the 
unique trilinear map T : Wl( J) x OJl(J) x 9Jt(J) — ► DJt(J) with the property {T(x, y, z), w} — 
q(x, y, z, w) where q(-, •, •, •) is the linearization of the quartic form q(-). 

Definition. Inv(9Jt(J)) is the group of linear transformations which preserve these forms, 
i.e. for alia e Inv(S0t(J)) 

W')^(')} = {•>•} and q°o- = q (58) 

holds. 

Clearly, the construction yields a 2 + 2 dim J dimensional representation of Inv(9Jt(J)) 
and q is a quartic polynomial invariant under the action of this group. In the following, 
we give explicitely the Jordan algebras needed for the classification of entangled states in 
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the above mentioned quantum systems. It turns out that all of them can be regarded as a 
subalgcbra of J3 = M(3,C) so we start with this one. 

For A e J3 the cubic form N is simply the determinant of the 3x3 matrix, for A,BeJ 3 
the trace bilinear form is given by (A, B) = Tr(AB) and the explicit form of the sharp map 



is 



A* = A 2 - Tr(A)A + -(Tr(yl) 2 - Tr(A 2 ))/ 3 



(59) 



The simplest nontrivial Jordan algebra is Ji = C, the cubic norm of a e J\ is N(a) = a 3 . 
It follows that the map J\ — > J3; a 1— > a/3 is an injective morphism of cubic Jordan algebras. 
The next Jordan algebra is J\ + \ = C ® C, the value of N on the element x = (a, b) is 
N(x) = ab 2 . In this case the image of x in J 3 is 



a 
6 
6 



(60) 



The third Jordan algebra is J1+1+1 = CffiCffiC Here for x = (a, b, c) the value of N is 
N(x) = abc. This is nothing else but the determinant of the matrix 



a 
6 
0c 



(61) 



which shows us the isomorphism between J1+1+1 and the subalgebra of diagonal matrices 
in J 3 . The last Jordan algebra we consider is Ji +2 = C® Q4, where Q4 is any 4 dimensional 
complex vector space with a nondegenerate quadratic form. It is convinient to let Q4 be 
the vector space of 2 x 2 matrices, and the quadratic form be the determinant. A general 
element in Ji +2 is therefore x = (a, A), and its cubic norm is N(x) = adct A For this 
Jordan algebra the inclusion map is given by 



(a, 



An A 12 
A21 A22 



a 
A n A 12 
A 2 i A 22 



(62) 



the image being a block diagonal matrix built from a 1 x 1 and a 2 x 2 block. 

What makes these constructions useful for studying entanglement is the fact that the 
Inv groups are almost SLOCC groups of various quantum systems. Namely, Inv(5DT( Ji)) ~ 
SX(2,C), Inv(SDt(Ji+i)) ~ SX(2,C) 2 , Inv(27t(Ji + i+i)) ~ S'i(2,C) 3 , Inv(9Jl(J 1+2 )) is iso- 
morphic to SL(2,C) x SL(4,C) and finally Inv(SDt(J 3 )) ^ 5L(6,C). The SLOCC groups 
are obtained by replacing SL(n, C) with GL(n,C). Excluding the vector we can iden- 
tify four SLOCC orbits (characterized by the rank of vectors) in each case except the first 
one where the rank 2 orbit is absent. Vectors of rank 4 are the ones for which q does not 
vanish, all others are of rank at most 3. x has rank 3 iff q(x) — and T(x, x, x) 7^ 0. 
Vectors with rank 2 are the ones for which T(x, x, x) vanishes but there exists y such that 
3T(x, x, y) + {x, y}x ^ 0. If there is no such y then x has rank 1. 
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